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Abstract—This paper provides a robustness analysis of the
method we recently developed for rhythmic movement assistance
using adaptive oscillators. An adaptive oscillator is a mathemat-
ical tool capable of extracting high-level features (i.e. amplitude,
frequency, offset) of a quasi-sinusoidal measured movement, a
rhythmic flexion-extension of the elbow in this case. By the use
of a simple inverse dynamical model, the system can predict the
torque produced by a human participant, such that a fraction
of this estimated torque is fed back through a series elastic
actuator to provide movement assistance. This paper objectives
are twofold. First, we introduce a new 1 DOF assistive device
developed in our lab. Second, we derive model-based predictions
and conduct experimental validations to measure the variations
in movement frequency as a function of the open parameters
of the inverse dynamical model. As such, the paper provides
an estimation of the robustness of our method due to model
approximations. As main result, the paper reveals that the
movement frequency is particularly robust to errors in the
estimation of the damping coefficient. This is of high interest
for the applicability of our approach, this parameter being in
general the most difficult to quantify.

I. INTRODUCTION

Modern challenges in robotics research deal with applica-
tions involving close interactions between robots and humans
[1]. This is particularly true in rehabilitation robotics, since the
robots are in direct contact with the user’s effectors to assist
movements. In particular, lower-limb rehabilitation or assistive
exoskeletons have a structure which often goes in parallel to
the user’s legs [2], [3].

All the exoskeletons need to face the critical issue of the
human-robot interface [4] to optimize the robot behavior in
movement assistance. Historically, the interface was unidirec-
tional, the robot forcing the user’s legs to follow pre-defined
trajectories using stiff position control [5], [6]. This approach
had however some obvious limitations, the user being moved
along the same trajectory whatever his/her own participation.
Consequently, more recent approaches focused on collabora-
tive, “assist-as-needed”, strategies [7], requiring compliance
between the robot and the user. This can be achieved either
through hardware adaptations [8], or by lowering the controller
gains [9].

Another type of human-robot interface, which appeared

more recently, is also unidirectional, yet in the other direction.
In this case, the user is supposed to fully control the robot
in order to have it synchronized with his/her movement
intentions. The robot should therefore detect the user motion
intention (e.g. direction, velocity, amplitude) and react timely
to provide the specific assistance needed by the user in terms
of direction and absolute value. One way of realizing this kind
of interface is by using surface EMG to provide the wearer
with a fraction of the estimated desired torque [10], [11].
These approaches therefore implement a sort of torque ampli-
fier. However, EMG-based approaches have some drawbacks,
mainly related to signal acquisition, user-specific calibration,
and poor accuracy in model-based torque estimation.

Recently, we introduced a new method for movement as-
sistance which combines the advantages of both approaches
[12], [13]. First, it assists the user during the execution of
a quasi-sinusoidal movement by providing a fraction of the
estimated torque. The user is free to modulate the parameters
of the effector trajectory (amplitude, frequency, etc.), and the
assistive device flexibly adapts. Second, it requires no complex
sensing like surface EMG, since the sole variable that needs
to be measured is the position of the assisted joint(s), obtained
via a simple encoder.

The central block of this method is an adaptive oscillator
[14], [15], which synchronizes with the joint movement and
estimates its higher order derivatives. The intended torque is
retrieved from an inverse model, and a fraction of it is fed
back to the user, providing assistance. This method was first
validated on a simple one degree-of-freedom (DOF) upper-
limb movement [12], [13]. The extension of this method to
a walking task (thus involving several DOFs) is a topic of
on-going research and will be addressed in a separate paper.

The goals of the present paper are twofold. First, we present
a new assistive device for the elbow which was designed in
our lab, and which can be viewed as a simplified version of
the exoskeleton used in [12], [13], [16]. Second, again on this
single DOF task, we carried out a sensitivity analysis on the
open parameters of the inverse model, in order to establish the
robustness of our method on model approximations.

This analysis relies on the assumption that cyclical forearm



movements about the elbow and around the vertical equilib-
rium tend to be performed at the resonance frequency, i.e.
the frequency minimizing the performer’s effort by optimizing
transfers between potential and kinetic energy [17]. Many
results in the literature tend to illustrate that human cyclical
movements are executed at the resonance frequency (see e.g.
[18], [19], [20]). Therefore, we carried out a model-based
study. First, the resonance frequency of the coupled system
comprising the human elbow+forearm and the controlled as-
sistive device was derived, both assuming a “correct” inverse
model, and by purposely introducing errors in the estimates of
the model parameters (such as mass, inertia, friction). Second,
the movement frequency of human participants performing
elbow movements while being assisted with the simulated
models was measured, and compared to the predicted values.
Finally, a sensitivity analysis was performed to see if the
changes in movement frequency obey the trends as predicted
by the model, and to what extend our method is robust to poor
estimates of the model parameters.

II. METHODS

A. Kinematics estimation using adaptive oscillators

Assistance was provided using an adaptive oscillator, a tool
developed by Righetti et al. [14], [15] and used in many appli-
cations [13], [21]. We used a simplified version of the modified
Hopf oscillator proposed in [14], by projecting this oscillator
into polar coordinates and keeping the phase equation only.
We simply obtained an augmented phase oscillator [15]:

φ̇(t) = ω(t) + νF (t) cosφ(t), (1)

where ω(t) is the intrinsic frequency of the oscillator, and
ν the learning parameter determining the speed of phase
synchronization to the periodic input signal F (t). In order to
learn the frequency of the input F (t), instead of doing mere
synchronization only, the oscillator frequency was turned into
a new state variable, integrating the phase update:

ω̇(t) = νF (t) cosφ(t). (2)

From (2), it can be established that the integrator argument
sums up to zero over one period (i.e. ω converges) if the
frequency ω is equal to the frequency of the input signal.

The adaptive oscillator input F (t) was the difference be-
tween the elbow angular position θ(t) (measured by the device
encoder) and the learned (i.e. estimated) position of the elbow
θ̂(t): F (t) = θ(t) − θ̂(t), this estimated position being the
oscillator output plus the offset α0(t):

θ̂(t) = α0 + α1 sinφ(t). (3)

The offset α0(t) and the amplitude α1(t) were finally learned
by the following two integrators:

α̇0(t) = ηF (t) α̇1(t) = ηF (t) sinφ(t), (4)

where η is the integrator gain.

Assuming the elbow movement to be (quasi-)sinusoidal, the
same adaptive oscillator can further provide an estimate of the
elbow velocity and acceleration:

ˆ̇
θ(t) = α1ω(t) cosφ(t) (5)
ˆ̈
θ(t) = −α1(t)ω(t)2 sinφ(t). (6)

As in [13], we used the values ν = 20 and η = 5 for the
learning parameter and the integrator gain, respectively. Good
behavior using these parameters was confirmed during pilot
tests.

B. Elbow assistance

We assumed that the dynamics of the elbow were governed
by a pendulum-like differential equation for the angular posi-
tion θ(t):

Iθ̈(t) + bθ̇(t) +mgl sin θ(t) ≈ Iθ̈(t) + bθ̇(t) +mglθ(t)

= τtot(t),
(7)

where I , b, m, and l denote the inertia, damping coefficient,
total mass, and equivalent length of the elbow+forearm, and
g denotes the constant of gravity. The approximation relies
on the small angle assumption, i.e. sin θ ≈ θ. The total
torque τtot(t) was composed by the torque provided by the
human τh(t) plus the torque provided by the assistive device
τd(t): τtot(t) = τh(t) + τd(t). The device was assumed to be
transparent to the user, such that its inertia, friction, and mass
were not taken into account in (7).

The control algorithm was based on an estimation of the
total torque τ̂tot(t) by plugging Equations (3), (5), and (6)
into (7), to obtain an inverse model:

τ̂tot(t) = Î
ˆ̈
θ(t) + b̂

ˆ̇
θ(t) + m̂gl̂θ̂(t), (8)

where Î , b̂, m̂, and l̂ are estimates of the corresponding
actual variables. Finally, the device provided a fraction of this
estimated torque to the human in order to assist the movement:

τd(t) = κτ̂tot(t), (9)

where κ is the level of assistance. In theory, κ = 1 is the upper
limit, corresponding to the situation where the participant
should perform the movement without providing any torque.
However, preliminary tests revealed that it was not possible to
provide assistance larger than κ = 1/3 with our device, due to
torque saturations, model approximations, and stability issues.
With this setting, the device should provide about one third of
the total torque.

Plugging (9) into (7), and assuming that the estimated
kinematic variables (θ̂, ˆ̇

θ, ˆ̈
θ) were equal to the actual ones,

we obtain a resulting dynamical system, which corresponds to
what a human should perceive when assisted:

Ĩ θ̈(t) + b̃θ̇(t) + m̃gl̃θ(t) = τh(t), (10)

where Ĩ = I − κÎ , b̃ = b − κb̂, and m̃l̃ = ml − κm̂l̂ are the
resulting perceived parameters.
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Fig. 1. Variation of the predicted frequencies ω̃0 (dashed blue) and ω̃r (solid
red) as a function of errors [%] on the estimated equivalent length l̂, inertia
Î and damping coefficient b̂.

C. Error in parameter identification: Model-based predictions

The system’s resonance frequency can be calculated from
(10):

ωr = ω0

√
1− 2ζ2, (11)

where

ω0 =

√
m̃gl̃

Ĩ
(12)

is the natural frequency, i.e. the resonance frequency of the
undamped dynamics, and ζ = b̃/(2Ĩω0) is the damping factor.

As shown in Equations (11) and (12), the natural and
resonance frequencies vary as a function of the system’s
parameters Ĩ , b̃, m̃, and l̃. However, if the system’s parameters
are correctly estimated (i.e. if Î = I , etc. . . ), the natural and
resonance frequencies should not change with the level of
assistance κ.

Let us now assume that the system’s parameters are not
correctly estimated, i.e.:

Î = (1 + eI) I b̂ = (1 + eb) b l̂ = (1 + el) l, (13)

where eI , eb, and el denote the errors of the corresponding
variables. Error in the estimate of the mass would have the
same effect as error on the equivalent length, and is therefore
not investigated.

Model predictions for the variation of the natural and
resonance frequencies as a function of the wrongly estimated
parameters are shown in Figure 1, using the forearm intrinsic
parameters of a representative participant.

Assuming that the participant performed the movement at
the resonance frequency, which was therefore adapted as a
function of the resulting dynamics, the results shown in Figure
1 lead to the following predictions:

• overestimating the equivalent length l̂ should lead to a
smaller movement frequency, and vice-versa;

• overestimating the inertia Î should lead to a larger
movement frequency, and vice-versa;

• overestimating the damping coefficient b̂ should lead to
a larger movement frequency, and vice-versa.

In addition, we point out that the influence of the errors on
the estimation of Î and l̂ is higher than the influence of the
error on the damping coefficient b̂. This will be investigated
by sensitivity analyses.

motor

SEE

axis of rotation

handle

Fig. 2. Top view of the assistive device.

D. Participants

Five healthy, male participants took part to the experiment
(age: 20-30years, weight: 60-90kg). The forearm mass m,
equivalent length l, and inertia I were individually estimated
for each participant, using standard tables from [22]:

m = 0.022Mbody [kg]

l = 0.682Lforearm [m]

I = m(0.827Lforearm)2 [Nms2/rad]

where Mbody and Lforearm denote the total body weight
and the total forearm length, respectively. For all participants,
we used the damping ratio ζ = 0.1, i.e. approximatively
half smaller than documented in the literature for similar
movements around the upward vertical position [23]. This was
obtained after manual tuning during preliminary tests.

E. Experimental setup

The assistive device used for the experiments was a simple
one DOF pendulum, parallel to the participant’s forearm, and
controlled by a motor through a series elastic element (SEE).
Figure 2 shows a top view of the assistive device. The SEE
introduces compliance and achieves series elastic actuation
[8], [24], [25], such that the assistive torque can be perfectly
controlled within the bandwidth of interest: τd = kSEE∆θ,
where kSEE is the SEE stiffness, which is known, and ∆θ
is the SEE deformation, which is measured by two encoders,
one at each side of the SEE (see later). The assistive torque
τd is controlled by setting ∆θ to the desired value.

Since the participant’s forearm was not constrained, the
rotation axis of the elbow can be continuously aligned with the
one of the assistive device. As consequence, there is no need
for additional passive degrees of freedom for axes alignment.

The SEE was made of two disks: one coupled to the motor
and the other to the pendulum, and both connected to each
other via six tangential traction springs. The resulting torque
provided by the SEE was close to a linear function of the
deviation angle between the disks. The SEE stiffness was es-
timated to kSEE = 3.8Nm/rad. The deviation angle between



Fig. 3. Side view of a participant using the assistive device.

the two disks was mechanically limited to 0.3rad, resulting in
a maximal supplied torque of about τd,max = 1.14Nm.

The motor actuating the device was a Maxon DC Motor
RE 40 #148877 (Maxon Motors, Sachseln, Switzerland). The
motor low level control (i.e. PID controllers for current and
position control), as well as current limitations to keep the
motor torque within safe boundaries (current limited to 2.63A,
such that output torque was limited to 15Nm after the gearbox)
were directly handled by the supplied motor controller, i.e. a
Maxon EPOS2 50/5.

The high level control, i.e. the adaptive oscillator and
the assistive protocol, was implemented using MATLAB and
Simulink (the Mathworks, Natick, MA). To get the algorithm
running close to real-time, we implemented a “Soft Real Time”
block in Simulink which guaranteed a more or less constant
sampling rate of 15ms.

The position of the motor and the elbow were measured
with two incremental encoders RI 58-D (Hengstler, Aldingen,
Germany) with 5000 pulses resulting in a resolution of 0.018◦.

F. Experimental protocol

Participants sat on a chair while having the right upper
arm resting horizontally on a support mounted on a table and
the forearm hanging down, as shown in Figure 3. They were
asked to grab a handle attached to the assistive device, and to
make cyclical flexion/extension of the elbow about the vertical
downward position.

Participants wore a hearing protector to decrease potential
auditory feedback from the motor noise, and had direct visual
feedback about the forearm movement. The instruction was
to oscillate at a constant amplitude specified by two visual
markers. Importantly, the movement frequency was left free
and the participants were asked to oscillate at the most
comfortable frequency.

Before doing the actual data acquisition, a training sequence
of seven minutes was given to the participants, in order to
become familiar with the device. This sequence was made
of seven trials of one minute each, alternating between no
assistance (κ = 0), and movement assistance of κ = 1/3.

After this training sequence, all participants reported to be
relaxed with the device and the assistance. Moreover, visual
inspection of the data revealed that they had all found a steady-
state movement frequency. Data corresponding to the training
sequence were not used for the analyses.

After a short break, participants did a second sequence
lasting fifteen minutes. Again, this sequence was made up with
a series of fifteen one-minute-long trials, alternating between
no assistance (κ = 0), and assistance with κ = 1/3. On top
of that, during the seven trials with assistance, an error in the
estimation of the equivalent length el, inertia eI , or damping
coefficient eb of the human forearm model was introduced.
The different conditions were individually randomized for
each participant, and comprised the following:

• (el = −50%, eI = 0, eb = 0), denoted l̂−,
• (el = +50%, eI = 0, eb = 0), denoted l̂+,
• (el = 0, eI = −20%, eb = 0), denoted Î−,
• (el = 0, eI = +20%, eb = 0), denoted Î+,
• (el = 0, eI = 0, eb = −100%), denoted b̂−,
• (el = 0, eI = 0, eb = +100%), denoted b̂+,
• and (el = 0, eI = 0, eb = 0), i.e. no error, denoted
l̂/Î/b̂0.

G. Data processing and statistical analyses

The measured position of the elbow θ(t) was low pass
filtered using a forward/backward Butterworth filter of 3rd
order with a cutoff frequency of 4Hz. Moreover, the movement
offset was filtered out by passing the signal through a similar
lowpass Butterworth filter, but with a cutoff frequency of
0.1Hz, and by subtracting this signal to the original one.

Movement frequency was estimated by extracting the zero
crossings of the filtered signal to calculate its instantaneous
period. The instantaneous frequency was calculated by taking
the inverse of the period and multiplying by 2π.

To compare the measured frequencies between the differ-
ent conditions, statistics were performed on the data from
the second half of each trial, such that only steady-state
performance was analyzed. To establish the significance of
the different observed movement frequencies, we performed
Wilcoxon rank-sum tests. This test reveals whether the median
of two different populations are different.

To establish whether the observed movement frequencies
complied with quantitative predictions from the model, we
performed sensitivity analyses, i.e. we calculated the sensi-
tivity of the steady-state frequency with respect to the three
parameters. For the equivalent length, this was equal to:

Sω
l̂

=
∆ω̄l̂

ω̄l̂0

· l̂0
∆l̂
, (14)

where ∆ω̄l̂ = ω̄l̂+
− ω̄l̂−

; ω̄l̂−
, ω̄l̂0

, ω̄l̂+
denote the medians of

the measured frequency during the corresponding conditions;
and ∆l̂/l̂0 = 100%, since errors of ±50% were tested. Similar
sensitivities were computed for the inertia and the damping
coefficient, Sω

Î
and Sω

b̂
, respectively, with ∆Î/Î0 = 40% and

∆b̂/b̂0 = 200%.
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Fig. 4. Evolution of the measured frequency (dashed blue) and the estimated
frequency by the adaptive oscillator (solid red) in time. The label on top of
the graph shows the condition for the corresponding trial.

−50 0 +50

6

6.5

7

7.5

8

8.5

Error on length l̂ [%]

F
re

q
u
en

cy
[r

a
d
/
s]

−20 0 +20

6

6.5

7

7.5

8

8.5

Error on inertia Î [%]
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of the error on the estimated equivalent length l̂, inertia Î , and damping
coefficient b̂.

III. RESULTS

A. Movement frequency

Figure 4 shows both the “actual” instantaneous frequency
(computed form the measured position) and the estimated
frequency ω from the adaptive oscillator during the whole
sequence of a representative participant. Both fit very well,
as shown in the figure.

Figure 5 shows the steady-state frequencies of a repre-
sentative participant in the different conditions. Variations
are clearly visible across conditions, and, as expected from
model predictions, a positive error on the length el induced
smaller frequency, and a positive error on the inertia eI
or on the friction coefficient eb induced larger movement
frequency. Note that the frequency ranges are sightly different
between the model predictions and the experiments, since the
predictions were made with the dynamical arm properties of a
single of the five participants. Moreover, we did not take the
dynamical properties of the device into account in this model,
for the sake of simplicity. Again, what is really important here,
is the good matching between the relative changes across the
different cases.

Table I shows the results for all participants, such that
9 (tests/participant) × 5 (participants) = 45 tests were per-
formed. Wilcoxon rank-sum tests revealed that these 45 com-
parisons all reached significance on the population medians,
with a confidence level of more than 99.9%. Regarding the
predictions, 39 (87%) of these tests validated the model-based
assumptions (as shown by a 3 in Table I) and 6 (13%)
revealed a trend being opposed to the corresponding model-
based assumption (as shown by a 5 in Table I).
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Fig. 6. Sensitivity of the movement frequency to variations in the estimated
model parameters, namely the equivalent length l̂, inertia Î , and damping
coefficient b̂. Mean ± standard error of the mean among the 5 participants.

B. Sensitivity analysis

The model predicted that the changes in resonance fre-
quency have not the same sensitivity to changes in the different
estimated parameters. For instance, an overestimation of Î and
b̂ should both lead to larger resonance frequency (as observed
for most of the participants, see Table I), but at a much higher
rate (higher slope) for Î than b̂. This can be observed form
the slopes in Figure 1.

To establish whether the observed movement frequencies
complied with these quantitative predictions, we performed
sensitivity analyses, as explained in Section II-G. The results
are shown in Figure 6, and are coherent with the model-based
predictions. As expected, Sω

l̂
and Sω

Î
are higher in absolute

value than Sω
b̂

, and the sensitivity to the error in equivalent
length Sω

l̂
is negative, while the other two are positive.

The small sensitivity of the participants behavior to the esti-
mate of the damping coefficient is a good point to establish the
robustness of our assistive method to model approximations,
since the damping coefficient b is by far the most difficult
parameter to estimate.

IV. CONCLUSION

In this paper, we presented a simple device to test new con-
trol approaches for assistance and rehabilitation, by supporting
the elbow during rhythmic flexion-extension movements. Our
approach was based on an adaptive oscillator learning the high-
level features of the movement while remaining synchronized
in phase and frequency. The results showed that the frequency
estimated by the adaptive oscillator fitted very well the actual
frequency of the movement. Furthermore, we demonstrated
that the adaptation of the participant’s movement frequency
generally corresponded to theoretical predictions, when large
errors were purposely introduced in the inverse model param-
eters. From a sensitivity analysis, we demonstrated the high
robustness of our method to model approximations, because:

• the sensitivity of all tested parameters was generally low
(< 0.3 in absolute value);

• the parameters having the highest absolute sensitivity
(mass, equivalent length, and inertia) were the easiest to
estimate [26];

• the friction coefficient, which was by far more difficult to
properly estimate and was likely different to the simple
proposed linear model, only marginally influenced the
resulting movement frequency.



TABLE I
ACCORDANCE OF THE RELATIONSHIPS BETWEEN MEDIANS OF MEASURED FREQUENCY FOR TWO DIFFERENT CONDITIONS WITH THE MODEL-BASED

PREDICTIONS. ALL p-VALUES ARE STATISTICALLY SIGNIFICANT (p < 0.001).

ωl̂−
> ωl̂0

ωl̂0
> ωl̂+

ωl̂−
> ωl̂+

ωÎ−
< ωÎ0

ωÎ0
< ωÎ+

ωÎ−
< ωÎ+

ωb̂−
< ωb̂0

ωb̂0
< ωb̂+

ωb̂−
< ωb̂+

Participant 1
3 3 3 3 3 3 3 3 3

p < 0.001 p < 0.001 p < 0.001 p < 0.001 p < 0.001 p < 0.001 p < 0.001 p < 0.001 p < 0.001

Participant 2
3 3 3 5 3 3 3 3 3

p < 0.001 p < 0.001 p < 0.001 p < 0.001 p < 0.001 p < 0.001 p < 0.001 p < 0.001 p < 0.001

Participant 3
3 3 3 3 5 3 5 3 3

p < 0.001 p < 0.001 p < 0.001 p < 0.001 p < 0.001 p < 0.001 p < 0.001 p < 0.001 p < 0.001

Participant 4
3 3 3 3 3 3 5 5 5

p < 0.001 p < 0.001 p < 0.001 p < 0.001 p < 0.001 p < 0.001 p < 0.001 p < 0.001 p < 0.001

Participant 5
3 3 3 3 3 3 3 3 3

p < 0.001 p < 0.001 p < 0.001 p < 0.001 p < 0.001 p < 0.001 p < 0.001 p < 0.001 p < 0.001

In conclusion, this paper showed that oscillator-based proto-
cols are very relevant for assistive/rehabilitation robotics, due
to a high robustness in the model parameters. This permits to
design protocols that keep constant the overall movement fre-
quency with or without assistance. This finding complements
the other advantages of the approach that were already pointed
out in [13]: simple and cheap sensing, adaptivity (targeting
“assist-as-needed” protocols), and intuitive interaction for the
participants.
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